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We show that for a class of model Hamiltonians for which certain trial quantum Hall wavefunctions
are exact ground states, there is a single spectral density function which controls all two-point
correlation functions of density, current and stress tensor components. From this we show that
the static structure factors of these wavefunctions behaves at long wavelengths as s4k
4 where the
coefficient s4 is directly related to the shift: s4 = (S − 1)/8.
PACS numbers: 73.43.Cd
Introduction.—Starting from the work of Laughlin [1],
trial wavefunctions have been playing a very important
role in quantum Hall physics. Some of the most inter-
esting quantum Hall phases have been predicted theo-
retically by the explicit construction of trial wavefunc-
tions, most notably the Moore-Read (Pfaffian) state [2]
and the Read-Rezayi parafermion series [3]. A more re-
cent construction involves the Jack polynomials [4] and
includes an earlier proposed “Gaffnian” state [5]; map of
these states, however, are not expected to correspond to
gapped quantum Hall states. In most cases, the trial
wavefunction is a ground state of a model Hamiltonian
containing only local interactions [6]. The study of these
wavefunctions is important for the understanding of the
properties of the quantum Hall phases.
In this paper we will show, among other results,
that for a large class of trial wavefunctions, the low-
wavelength asymptotics of the projected structure fac-
tor [7] is determined exactly by the shift,
s4 ≡ lim
k→0
s¯(k)
(kℓB)4
=
S − 1
8
, (1)
where ℓB is the magnetic length that we frequently will
set to 1. This equation is already known to be valid for
the Laughlin states with filling fractions ν = 1/(2n+ 1)
where s4 = (1−ν)/(8ν) [7] and S = 1/ν. In this paper we
show that Eq. (1) is valid also for the Moore-Read states,
the Read-Rezayi parafermion states, both for bosons and
fermions [23]. Equation (1) was speculated to be valid in
Ref. [8] for all states whose wavefunctions are constructed
from conformal field theory correlators. The statement
was has not been proven rigorously for any states beyond
the Laughlin states. Instead the inequality,
lim
k→0
s¯(k)
k4
≥ |S − 1|
8
, (2)
has been shown to be valid for all gapped ground states
on the lowest Landau level (LLL) [8, 9]. Equation (1)
shows that the trial ground states are truly special in
their respective classes—these are the states that mini-
mize the structure factor at small k.
Our proof of Eq. (1) is not a direct one, but but re-
lies on some techniques which reveal some other unusual
properties of the trial states. First we find the LLL ex-
pression for the components of the stress tensor. The
LLL form of the electromagnetic current has been found
in the past [10–12], but the stress tensor has not been
obtained in these works. We then show explicitly that
the trial ground states in the Read-Rezayi parafermion
series (which includes the Moore-Read state) are annihi-
lated by one component of the particle number current,
as well as all but one components of of the stress tensor.
Namely,
Jz¯(x)|0〉 = 0, Tz¯z¯(x)|0〉 = Tzz¯(x)|0〉 = 0, (3)
where |0〉 denotes the ground state. These equations im-
ply that all two-point correlation functions involving the
density, the current, and the stress tensor are determined
by one single spectral density. From this Eq. (1) follows.
Action principle for a system on the lowest Landau
level.—In principle, the form of the stress tensor can be
obtained by a procedure similar to the one followed in
Refs. [10–12] for the electromagnetic current. One would
develop a perturbation theory in the inverse cyclotron
frequency and pick out the terms that survive when the
cyclotron frequency goes to infinity. Here we use a much
simpler method based on the Lagrangian formalism.
To derive the form of the stress tensor, we put the
system in an curved metric. We consider the system
of two-dimensional non-relativistic particles interacting
with gauge potential Aµ in curved space [13] with g =
det(gij)
S =
ˆ
d3x
√
g
[ i
2
(
ψ†Dtψ −Dtψ†ψ
)− gij
2m
Diψ
†Djψ
+
B
2m
ψ†ψ + Lint
]
, (4)
where ψ is the spinless field operator, Lint the interact-
ing Lagrangian density. To facilitate taking the m → 0
2limit we have added a magnetic moment term with the
gyromagnetic ratio equal to 2; this term does not affect
the ground state wavefunction in constant magnetic field.
The magnetic field is B = ǫ
ij
√
g∂iAj . The covariant deriva-
tives are defined as
Dµ = ∂µ − iAµ + iωµ, (5)
where the spin connection in term of vielbein is [14]
ωt =
1
2
ǫabe
aj∂te
b
j, ωi =
1
2
(
ǫabe
aj∂ie
b
j−
ǫjk√
g
∂jgik
)
. (6)
The inclusion of ωµ in the covariant derivative is optional,
but it simplifies the Ward identities used later. For con-
venience, we define the complex vielbein vectors
ei =
1√
2
(e1i − ie2i ), e¯i =
1√
2
(e1i + ie
2
i ), (7)
and introduce the following notation for the projection
of each vector Xi on the complex vielbeins,
X = eiXi, X¯ = e¯
iXi. (8)
In flat space we can choose eai = δ
a
i , then ∂ =
√
2∂z,
∂¯ =
√
2∂z¯. For the lack of better terminology, we will
call X the “holomorphic” component and X¯ the “anti-
holomorphic” component of Xi, without committing to
any particular dependence of X and X¯ on the spatial
coordinates.
The action (4) contains term that are singular in the
m → 0 limit. To have a smooth m → 0 limit, we notice
that DiD
i+B = DD¯ and use the Hubbard-Stratonovich
transformation to rewrite the action in the form
S =
ˆ
d3x
√
g
[ i
2
(
ψ†Dtψ −Dtψ†ψ
)
−Dψ†χ− χ†D¯ψ +mχ†χ+ Lint
]
. (9)
In the LLL limit m → 0, χ and χ† play the role of La-
grange multipliers enforcing the constraint
D¯ψ = 0, Dψ† = 0. (10)
This is simply the lowest Landau level constraint, which
in flat space becomes Dz¯ψ = 0. In the symmetric gauge
Ax = − 12By, Ay = 12Bx the constraint implies that ψ is
proportional to a linear combination of zne−B|z|
2/4. The
time evolution follows the equation of motion
i∂tψ +Dχ+Atψ +
δLint
δψ†
= 0, (11)
where Lint =
´
d~xLint, and its complex conjugate. In
Eq. (11) the Lagrange multiplier χ is such that the con-
straint (10) is maintained at all times. We shall deter-
mine χ from this condition later.
We will mostly consider in this paper Lint that contains
only local interactions, i.e., interactions that are given by
a product of ψ, ψ† and their derivatives at the same point.
In the first-quantized language such an interaction corre-
sponds to a many-body potential in the form of a product
of delta functions and their derivatives. Upon projection
onto the LLL, such interactions become the pseudopo-
tential interactions. Due to the LLL constraint, any such
potential can be written as Lint[ψ†, ψ, D¯nψ†, Dnψ].
The form of the interaction Lagrangian is chosen so
that the ground state is the trial wave function under
consideration. in this paper the interaction term that
lead to a well-known series of trial wavefunctions: the
Read-Rezayi parafermion series. For bosons, our inter-
action Lagrangian has the form
Lint = −λ(ψ†)kψk, (12)
and for fermions,
Lint = −λ
∣∣ψDψD2ψ · · ·Dk−1ψ∣∣2. (13)
These interactions place an energy penalty on k parti-
cles coming in with minimal angular momentum. For
case k = 2 corresponds to the ν = 1/2 bosonic and
ν = 1/3 fermionic Laughlin states; k = 3 corresponds
to the Moore-Read states, and k > 3 to the parafermion
states.
Currents and stress tensor.—We define the charge cur-
rent Jµ and the stress tensor T ij from the variation of
the action with respect to the background fields,
δS =
ˆ
d3x
√
g
(
JµδAµ +
1
2
T ijδgij
)
. (14)
where the action is given by Eq. (9). For convenience, in
addition to the holomorphic and antiholomorphic com-
ponents of the current J = J iei, J¯ = J
ie¯i, we introduce
T = T ijeiej = 2Tzz, T˜ = T
ij e¯ie¯j = 2Tz¯z¯ , (15)
T tr = T ijeie¯j = 2Tzz¯. (16)
We call T and T˜ the holomorphic and antiholomorphic
stress components; T tr is simply the trace of of the stress
tensor. By varying the Lagrangian, we find
ρ ≡ J0 = ψ†ψ, J = iχ†ψ, J¯ = −iψ†χ. (17)
Note that the Lint, even in the fermion case, does not
depend on the gauge potential Aµ and hence does not
contribute to the current.
For the stress tensor we find
T˜ = D¯ψ†χ− ∂¯(ψ†χ) + e¯i δLint
δei
, (18a)
T = χ†Dψ − ∂(χ†ψ) + ei δLint
δe¯i
, (18b)
T tr = 2Lint + ei δLint
δei
+ e¯i
δLint
δe¯i
− δLint
δψ
ψ − ψ† δLint
δψ†
.
(18c)
3where χ is given in (26). Now the bosonic Lint does
not contain any ei and the last terms in Eqs. (18a) and
(18b) equal zero. For the fermionic interaction (13), the
operator e¯iδ/δei converts one D into a D¯, which can
be pushed to act on ψ by using [D¯, D] = −B. Due to
the constraints D¯ψ = 0 the result will be a product of
k derivatives of ψ but two of the derivatives will have
the same power. Fermion statistics then implies that the
result is zero. Thus we find that Lint does not contribute
to the traceless components of the stress tensor and
T˜ = D¯ψ†χ− ∂¯(ψ†χ), (19a)
T = χ†Dψ − ∂(χ†ψ). (19b)
Special properties of trial ground state.—We now show
that the trial ground states satisfy the following proper-
ties:
J¯(x)|0〉 = 0, (20)
T¯ (x)|0〉 = 0, (21)
T tr(x)|0〉 = 0. (22)
To show the first two relations it is sufficient to show that
χ annihilate the ground state. For that, we need to solve
the equation (11) and find χ. First we act the operator
D¯ on Eq. (11) and use Eq. (10) to get
D¯Dχ+ D¯F = 0, F = Atψ + δLint
δψ†
. (23)
Now we note that we can express the projection of any
function F(~x) onto the LLL as an expansion over deriva-
tives,
FL(~x) = PLLLF(~x) =
∞∑
n=0
1
n!Bn
DnD¯nF(~x). (24)
In particular, one can check that this is consistent with
D¯FL(~x) = 0, (PLLL)2 = PLLL. (25)
Replacing in Eq. (23) F by F − FL, then use the series
expansion (24) for FrmL, one finally finds χ as a series
χ =
∞∑
n=1
1
n!Bn
Dn−1D¯n
(
Atψ +
δLint
δψ†
)
. (26)
In particular, if one considers noninteracting electrons,
Lint = 0 and insert χ into the expression for the cur-
rent, one reproduces the expression previously obtained
by Martínez and Stone [10].
We now set At = 0 and inspect the operator χ. In both
the bosonic and the fermionic cases, taking the variation
over ψ† leaves the strings of annihilation operators, ψk
and ψDψD2ψ · · · intact on the right of Lint. But the
trial wavefunction is annihilated by this exact string of
annihilation operators,
ψk(x)|0〉bosonic = 0, (27)
ψDψD2ψ · · ·Dk−1ψ|0〉fermionic = 0. (28)
We thus conclude that χ(x) annihilates the ground state,
and from the explicit forms for the current and stress ten-
sor, one concludes that the antiholomorphic components
J¯ and T˜ annihilates the ground state.
Similar calculations also show that the trace of the
stress tensor T tr also annihilates the ground state.
The properties (20) are properties specific for the
trial ground states and the Hamiltonian for which these
ground states are exact zero-energy states. They are not
valid for generic interaction, for example the Coulomb
interactions.
Ward identities.—In flat spacetime we have the con-
servation laws for the particle number and momentum,
which is in our notation are
∂tρ+ ∂¯J + ∂J¯ = 0, (29)
∂T˜ + ∂¯T tr = −iBJ¯, (30)
∂T tr + ∂¯T = +iBJ. (31)
The last two equations are simply the force balance equa-
tions, since we are working in the limit m → 0 where
there is no inertia. We now sandwich these equations
between the ground state |0〉 and an arbitrarily chosen
state 〈n|, assuming that the latter is a state with zero
particle number and carries energy En and momentum
Pn. Since J¯ , T˜ and T
tr annihilate the ground state, thee
Ward identities imply direct proportionality between the
matrix elements of the operators ρ, J and T ,
〈n|ρ|0〉 = − (P
x
n + iP
y
n )
2
BEn
〈n|Tzz|0〉, (32)
〈n|Jz|0〉 = −P
x
n + iP
y
n
B
〈n|Tzz|0〉. (33)
This means that the three operators ρ, J and T create
the same set of states at nonzero momentum, only with
different matrix elements. For example, if a magneto-
roton [7] exists it can be created equally well by all three
operators. This does not apply to states with zero mo-
mentum (including the magneto-roton if it exists at zero
momentum); these states cannot be created by acting ρ
or J on the ground state, but may be created by the
operator T .
If one introduces the spectral densities of the density
and the holomorphic component of the stress tensor,
S(ω, k) =
1
N
∑
n
|〈n|ρ(k)|0〉|2δ(ω − En), (34)
ρT (ω, k) =
1
N
∑
n
|〈n|Tzz(k)|0〉|2δ(ω − En), (35)
then
ω2S(ω, k) =
k4
B2
ρT (ω, k). (36)
4The static structure factor can be expressed as
S(k) =
∞ˆ
0
dω S(ω, k) = k4
∞ˆ
0
dω
ω2
ρT (ω, k). (37)
So at k → 0 the static structure factor S(k) is propor-
tional to k4. Since by definition our spectral density
S(ω, k) does not include the cyclotron mode, S(k) is ac-
tually the projected structure factor s¯(k), which is known
to be O(k4) at small k.
On the other hand, the retarded Green function of two
components of the stress tensor T ij and T kl can be de-
composed as [15, 16]:
GT
ij ,Tkl
R
(ω,~0) = K(ω)Iijkl
B
+ µ(ω)Iijkl
S
− iωηH(ω)IijklH ,
(38)
where K(ω), µ(ω) and ηH(ω) are the frequency-
dependent bulk modulus, shear modulus and Hall vis-
cosity, respectively, and
Iijkl
B
= δijδkl,
Iijkl
S
= δikδjl + δilδjk − δijδkl,
Iijkl
H
=
1
2
(
δikǫjl + δilǫjk + δjkǫil + δjlǫik
)
,
For the three independent response functions on ground
states with T˜ |0〉 = 0, the analytic structure of the re-
tarded 2-point function implies the following sum rule,
∞ˆ
0
dω
ω2
ρT (ω) =
ηH(0)− ηH(∞)
2ρ
, (39)
Compared with (37), we have for our ground state
lim
k→0
S(k)
k4
=
ηH(0)− ηH(∞)
2ρ
, (40)
Now let us recall that the Hall viscosity (at zero fre-
quency) of a gapped quantum Hall state is equal to
ηH(0) = ρS/4 where S is the shift of the state [19]. At
frequencies much higher than the energy scale set by the
interaction, interactions do not play any roles and the
Hall viscosity is given by the same formula as in the
integer quantum Hall state of the lowest Landau level,
ηH(∞) = ρ/4. Therefore the previous equation can be
written as
lim
k→0
S(k)
k4
=
S − 1
8
(41)
The fact that this relationship is valid for the Laughlin
wavefunction is well known. What we have shown is that
this relationship is valid for a much wider class of ground
states. In fact, one can show that the relationship is
valid whenever the ground state is annihilated by the
uniform component of the antiholomorphic component
of the stress tensor,
ˆ
dx T˜ (x)|0〉 = 0 (42)
The trial ground states and their corresponding interac-
tion Hamiltonian satisfy a stronger constraint T˜ (x)|0〉 =
0.
Conclusion.—Our result, Eq. (1) shows that there is a
special class of quantum Hall wavefunctions that saturate
the inequality (2). In these wavefunctions, the leading
k4 behavior of the static structure factor is related to the
shift. It is also clear that the relationship s4 = (S − 1)/8
cannot be valid for all gapped quantum Hall states. For
examples, for states that have S < 1, for example the
ν = 2/3 state (S = 0) or the anti-Pfaffian state [17, 18]
(S = −1), (S − 1)/8 < 0 while, due to the positivity of
the dynamic structure factor S(ω, k), the coefficient s4
has to be positive.
It is known that many of the trial wave functions have
large overlaps with the true ground state of the Hamilto-
nian with Coulomb interaction. It is interesting to see if
the numerical value of the k4 coefficient in the structure
factor is close to the value (S −1)/8 achieved by the trial
wavefunctions.
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